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A lumped kinetic model to describe the hydrocracking of complex mixtures of paraf-
fins, such as Fischer-Tropsch waxes, has been developed. A Langmuir-Hinshelwood-
Hougen-Watson approach has been followed, accounting for physisorption by means
of the Langmuir isotherm. Finally, a complete form of the rate expression is used, thus
introducing the equilibrium constants for dehydrogenation and protonation elementary
steps. To minimize the number of model parameters, the kinetic and thermodynamic
constants are defined as functions of the chain length. Vapor–liquid equilibrium is cal-
culated along the reactor, and the hydrocarbons concentrations are described by
means of fugacity. The model provides quite a good fitting of experimental results and
is able to predict the effects of the operating conditions (temperature, pressure, H2/
wax ratio, and WHSV). Outstandingly, the estimated values and trends of the kinetic
and thermodynamic constants (activation energies, Langmuir adsorption constants,
etc.) are in line with their physical meaning. VVC 2010 American Institute of Chemical

Engineers AIChE J, 57: 711–723, 2011
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Introduction

The hydrocracking (HDK) of n-paraffins over bifunctional
catalysts has been studied intensively, mainly on model com-
pounds. In particular, Weitkamp and coworkers have investi-
gated product distribution, with an insight into isomers com-
position.1–4 These works are outstanding in the definition of
the HDK reaction mechanism, mainly concerning the forma-
tion of branched products and CAC bond scission pattern.
Later, Froment and coworkers focused on the development
of a kinetic model for the HDK reaction of model com-
pounds. The first models, developed in the 1980s, were
‘‘lumped kinetics,’’5,6 i.e., the reaction products were divided

into main classes, or lumps, namely n-paraffins, iso-paraffins
(sometimes split into mono- and multibranched), and cracked
products, according to the simplified scheme:

n-paraffin�monobranched paraffin

�multibranched paraffin ! cracked products: ð1Þ

According to the generally accepted reaction schemes, the
normal paraffin is first adsorbed on the catalyst surface,
dehydrogenated at the metal sites to form the olefin, which
migrates to the acid site where the secondary carbenium is
formed by protonation of the double bond. The carbenium ion
so formed undergoes rearrangement to tertiary carbenium,
which in turn can either deprotonate to the corresponding
iso-olefin or produce lower molecular weight compounds via
b-scission. The desorbed olefin formed by deprotonation of
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tertiary carbenium migrates to the metal particle to form the
saturated compound, which can eventually further react
following the scheme presented above.

Apart from more recent works where deviation from ideal

HDK has been examined,7,8 the development of the rate

equation is mostly carried out according to the Langmuir-

Hinshelwood-Hougen-Watson (LHHW) approach, where the

adsorption–desorption as well as the hydrogenation–dehydro-

genation steps are assumed to be in quasi-equilibrium, while

each step involving the carbenium ion could be a rate-deter-

mining step (RDS). Baltanas et al.6 compared different mod-

els obtained by changing the RDS and/or the physisorption

isotherm equation: the conclusion drawn by the authors was

that the best model corresponds to a dual function, single-

site mechanism, with carbenium ion rearrangement as RDS,

while among the various adsorption isotherms considered

(i.e., Freundlich, Dubinin, Drachsel, and Langmuir) to relate

the gas-phase concentrations with those on the catalyst sur-

face, the Langmuir was the best.
When the activity of the metallic hydro/dehydrogenating

function makes the olefin formation rate fast enough not

to be the limiting step, the acid function determines the

kinetic of the system.9,10 In these circumstances, where the

observed conversion rate does not depend on metal concen-

tration, the rearrangement of secondary to tertiary carbe-

nium can be the RDS.
An evolution in the modeling of HDK reaction is repre-

sented by the ‘‘single-event kinetics’’11,12: a network of ele-

mentary reactions is designed taking into account the forma-

tion of each single component of the product mixture. The

single events coefficients of elementary steps considered

should be independent of the structure of reactant and prod-

ucts and therefore of feedstock composition. However, this

approach, if applied without any simplifying assumption,

originates a huge number of elementary steps even for rela-

tively simple molecules, which makes its use problematic for

more complex mixtures such as Fischer-Tropsch waxes. In

recent times, different authors have proposed some strategies

to develop detailed mechanistic kinetic models that can be

extended to the HDK of mixtures of paraffins. In 2001,

Martens and Marin presented a relumped model: eight dis-

crete lumps were identified on the basis of the most relevant

classes of hydrocarbons present in an oil fraction. The

lumped model coefficients (for reaction rate, physisorption,

and vapor–liquid equilibrium) were defined as a combination

of the corresponding single-event coefficients, which are in-

dependent on the carbon number. This simplification derives

from the application of the structure-oriented approach. The

kinetic model was coupled with an adiabatic multiphase

fixed-bed reactor model for the HDK of VGO.13

Kumar and Froment have proposed a generalized mecha-

nistic model for paraffins HDK: the model parameters were

estimated from data on HDK of n-C16H34; then the tool was

applied to the HDK of heavier paraffins. This shift was pos-

sible because the rate constants for the elementary steps are

independent on the carbon number.14 The authors state that

the model can be easily extended to the HDK of Fischer-

Tropsch waxes.
Despite several attempts to make the single-event

approach easier to apply, in particular from the point of

view of the required computing power, the kinetics of com-
plex mixtures is still preferably described by means of lump-
ing models.15,16

Recently, within collaboration between eni and Politecnico
di Milano, a kinetic model for the HDK of Fischer-Tropsch
waxes based on LHHW formalism has been developed and
different, improved versions of that model have been pub-
lished.17–20 The ‘‘all component’’ version of the model is
able to describe the distribution of the HDK products in
the range from C1 to C70, divided into linear and
branched products, the latter considered as a unique
lump.18 In an improved version,19 vapor–liquid equilibrium
was accounted for by describing the mixture composition
with fugacity. A critical hypothesis of this version is that
cracking of the CAC bond is supposed to occur in the
middle of the chain. A significant improvement was
achieved by introducing a probability function for cracking
(instead of the breakage in the middle of the chain).20 This
function has been designed according to literature observa-
tions and assumes that the CAC bonds between C4 and
Cn�4 can be cracked with the same probability (P); the
cracking probability of the third and (n � 3)th bonds is
P/2; the cracking probability of the four terminal CAC
bonds is 0. The formation of CH4 and C2H6 is accounted
for by cracking of C6H14.

21

The latter model is considered as starting point for this
work. The main goal was to further improve the quality of
the fitting and possibly its prediction capability outside the
experimental domain used to generate the dataset for the ki-
netic modeling. Two new versions have been developed: in
the first one, all the hypotheses of the model by Gamba
et al. were adopted,20 but different expressions were chosen
to correlate the kinetic constants with chain length, and a
more complete expression for the isomerization and cracking
rates was introduced. In the second version, the complete
form for the reaction rate, as reported by Froment,11 was
used. The goal of the work was to develop a kinetic model
as much as possible adherent to the chemical–physical nature
of the system considered.

Experimental

The experimental data were collected on the HDK unit
placed in eni’s laboratories. The unit is equipped with a
down-flow trickle bed reactor (ID ¼ 16 mm), loaded with
9 g of powdered fresh catalyst. The catalyst is typically a
bifunctional system, made of Pt particles dispersed on an
amorphous silica–alumina matrix. The extruded particles are
crushed and sieved in the range 20–40 mesh (average parti-
cle size ¼ 0.625 mm, catalytic bed height ¼ 86 mm) to ap-
proximate plug flow behavior. The catalyst was activated in
situ by reduction with pure H2 at high pressure and tempera-
ture, according to a standard procedure.

The effect of operating conditions on activity and selectiv-
ity was determined by planning the experiments according to
a central composite design (CCD).17 The range of the oper-
ating conditions was as follows: temperature ¼ 343–375�C;
pressure ¼ 3.5–6 MPa; H2/wax ¼ 0.06–0.15 g/g; and
WHSV ¼ 1–3 h�1. The feedstock used in this study was a
paraffinic F-T wax (olefins or alcohols had been removed),
whose distribution with chain length is given in Figure 1.
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The dataset has already been used for the development of
previous versions of the HDK model.17–20 In this work, the
experimental results were analyzed with a code built on the
Athena Visual Studio platform: first, model parameters were
estimated by means of the DDAPLUS algorithm.22

Kinetic Model

Model 1

The most widely accepted reaction mechanism for hydroi-
somerization and HDK of linear paraffins, which is the basis
for the kinetic models present in literature, can be repre-
sented by the following set of elementary steps6:
(1) n-Pn � n-P*n n-paraffin adsorption on catalyst surface
(2) n-P*n � n-O*n þ H2 dehydrogenation on metal site
(3) n-O*n þ Hþ � n-Rn

þ formation of carbenium ion on
acid site
(4) n-Rn

þ � iso-Rn
þ carbenium ion rearrangement

(5) iso-Rn
þ � iso-O*n þ Hþ deprotonation of the carbe-

nium ion
(50) iso-Rn

þ � n/iso-O*m þ Rþ
n�m b-scission of carbenium

ion
(6) iso-O*n þ H2 � iso-P*n hydrogenation of the

adsorbed iso-olefin
(7) iso-P*n � iso-Pn desorption of the iso-paraffin
Owing to analytical constrains, the HDK kinetic model is

based on a more simplified scheme than the one previously
shown in (1): in our case, isomers are considered as a unique
lump, without distinction between different degrees of branching:

n-paraffin � iso-paraffin ! cracked products: (2)

This simplifying assumption stems from the experimental
impossibility of determining the different classes of isomers
for the heavier fraction of products. The n-paraffin Pn (in the
range C5–C70) is isomerized to a pseudo-component, named
‘‘iso-paraffin,’’ which represents all the isomers of Pn,
regardless of the number, position, and length of the branches.

The first hypothesis of the model is that no isomerization
takes place with n-butane: iso-butane is only formed from
cracking of heavier molecules. This hypothesis is based on
experimental results, and it is most likely the consequence of
the operating reaction mechanism in isomerization of type B,
which proceeds via protonated cyclopropanes.23

The second step is the cracking of the iso-paraffin pseudo-
component. The mathematical description of the cracking
reaction required several hypotheses, mainly based on evi-
dence from scientific literature on hydroisomerization/crack-
ing of model compounds24:

(i) iso-C5 can be formed like the homologs of higher mo-
lecular weight but does not undergo cracking reactions. Such
cracking reaction would necessarily involve the passage
from a tertiary to a primary carbenium ion, which is particu-
larly disadvantageous from an energetic standpoint, because
the primary carbenium would be CH3

þ.
(ii) Only iso-paraffins in the range C6–C70 are cracked.

This hypothesis is based on results reported by Martens
et al.4 and has been reproposed recently by other authors.25

Cracking of iso-C6 via type C scission leads to the forma-
tion of propane, but also ethane and methane are formed as
reported by Haag and Dessau.21 Another route for the forma-
tion of CH4 and C2H6, which is not considered in this
model, is hydrogenolysis of normal and iso-paraffins.26,27

Iso-C7 cracking, via type B1 and B2 scission, gives equimo-
lar quantities of C3 and iso-C4. For iso-paraffins with eight
or more carbon atoms, cracking of CAC bonds occurs as
explained below (point iv).

(iii) Depending on the type of cracking reaction, cracking
of iso-paraffin lumps can lead to both iso- and n-paraffins.

(iv) Cracking of CAC bonds of aliphatic chains with eight
or more carbon atoms occurs according to a probability
function defined as follows: the CAC bonds between C4 and
Cn � 4 are cracked with the same probability (p); the crack-
ing probability of the third and (n � 3)th bonds is p/2; the
cracking probability of the four terminal CAC bonds (i.e.,
1st, 2nd, (n � 1)th, and nth) is 0. This kind of distribution
of the cracking probability with chain length is the easiest
function to resemble the bell-like cracking products distribu-
tion observed experimentally and widely reported in litera-
ture for model compounds.28 As the overall cracking proba-
bility equals 1, the cracking probability can be calculated by
a simple balance: being n the number of carbon atoms, each
molecule has n � 7 bonds with a cracking probability p, two
bonds with a probability p/2 and four bonds with null proba-
bility of cracking:

ðn� 7Þ � pþ 2� p=2 ¼ 1 ) ðn� 6Þ � p ¼ 1

) p ¼ 1=ðn� 6Þ: ð3Þ

Each iso-paraffin �C8 gives rise to 2 � p molecules
of each hydrocarbon in the range C4–Cn � 4 and to 2�(p/2) ¼
p molecules of C3 and Cn � 3. This kind of distribution
is widely reported in literature to describe the distribution
of HDK products.2,28

A classical Langmuir-Hinshelwood approach was followed,
taking into account the bifunctional nature of the catalyst:
hydro–dehydrogenation reactions occur on the metal sites,
whereas isomerization and cracking take place on the acid sites
of the Si–Al support. Moreover, physisorption of the n-paraffin
is accounted for and described by means of the Langmuir iso-
therm. These assumptions are the bases of widely accepted
HDK and isomerization models reported in literature.6

The overall rate expressions for each component are cal-
culated as combination of three terms: isomerization (riso),

Figure 1. Paraffins distribution with chain length of the
Fischer-Tropsch wax used as feedstock for
the experiments.
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cracking (rck), and formation by cracking of a longer mole-
cule (rprod). The rate expressions are defined as follows:

risom ið Þ

¼
kisom ið Þ � fn ið Þ � fiso ið Þ

Keq ið Þ
� �

fH2
� 1þPnC

i¼1 fn ið Þ � KL;n ið Þ þPnC
i¼4 fiso ið Þ � KL;iso ið Þ

h i
(4)

rck ið Þ

¼ kck ið Þ � fiso ið Þ
fH2

� 1þPnC
i¼1 fn ið Þ � KL;n ið Þ þPnC

i¼4 fiso ið Þ � KL;iso ið Þ
h i

(5)

rprod;iso ið Þ ¼ Par15�
X70
j¼iþ4

2

j� 6
� rck jð Þ

� �

þ 2

2� iþ 3ð Þ � 12
� rck iþ 3ð Þ

� �
ð6Þ

rprod;n ið Þ ¼ 1� Par15ð Þ �
X70
j¼iþ4

2

j� 6
� rck jð Þ

� �
(7)

rprod i ¼ 3ð Þ ¼
X70
j¼7

2

2� jð Þ � 12
� rck jð Þ

� �
: (8)

The kinetic constants, kisom and kck, are defined according to
a reparametrization of the Arrhenius equation:

k ið Þ ¼ k
�
ið Þ � exp �E ið Þ

R
� 1

T
� 1

Tref

� �� �
: (9)

This form is often used to simplify the estimation of k� and
E by breaking the correlation between them.5,6 Notably, three
formation rates are defined, one for iso-paraffins, one for
n-paraffins, and the last one for propane. The formation rate is
the sum of the products between the cracking rate and a
stoichiometric coefficient calculated from the probability
function for all iso-paraffins that are susceptible to cracking.
The term Par15 represents the iso-paraffins fraction (iso/n þ
iso) that can be obtained from cracking of a generic iso-paraffin.

This kinetic model is coupled with the reactor model, con-
sidered as an ideal plug flow reactor. Like in the so-called
‘‘all components’’ model,18 138 material balance equations
are defined, one for each component (70 n-paraffins, 67 iso-
paraffins and H2):

dYisoCðiÞ
ds

¼ �risoðiÞ þ rprod;isoðiÞ � rcr i ¼ 6; 70 (10)

dYnCðiÞ
ds

¼ risoðiÞ þ rprod;nðiÞ i ¼ 6; 70 (11)

dYisoCð5Þ
ds

¼ �risoð5Þ þ rprod;isoð5Þ (12)

dYnCð5Þ
ds

¼ risoð5Þ þ rprod;nð5Þ þ 2

5
� rcrð6Þ (13)

dYisoCð4Þ
ds

¼ rprod;isoð4Þ (14)

dYnCðiÞ
ds

¼ rprod;nðiÞ þ 2

5
� rcrð6Þ i ¼ 3; 4 (15)

dYnCðiÞ
ds

¼ 2

5
� rcrð6Þ i ¼ 1; 2 (16)

dYH2

ds
¼

X70
i¼6

rcrðiÞ: (17)

Vapor–liquid equilibrium is accounted for by introducing
the fugacity for each component.19 Fugacity of each mole-
cule in the reaction mixture (paraffins and H2) is estimated
by means of vapor–liquid equilibrium calculations, using the
Redlich-Kwong-Soave cubic equation of state. Flash calcula-
tions are performed at the reactor inlet and at nine points
along the length of the catalytic bed.

The use of this approach to model the HDK process would
require estimation of hundreds of kinetic parameters, which
would be statistically meaningless considering that the number
of experiments carried out in this case equals 47 (i.e., 25 of
CCD plus repetitions of the central point and some other points
of experimental plan). To lower the number of parameters to
be estimated, kinetic and thermodynamic model constants were
expressed as a function of chain length in a sort of ‘‘continuous
lumping’’ approach. Obviously, the fitting capability and mean-
ing of the esteemed kinetic parameters significantly depend on
the ‘‘goodness’’ of the chosen functions.

This first model is similar to the one described by Gamba
et al.20 The major novelty is represented by the functions
used to correlate the kinetic and thermodynamic constants
with paraffin chain length. In particular, the dependency of
the adsorption (or Langmuir) constants from chain length is
expressed by a hyperbolic tangent (Eqs. 18 and 20), because
it can change its shape, ranging from a sigmoid to an expo-
nential-like function, according to the values of its coeffi-
cients. Furthermore, an ‘‘S-like’’ evolution of KL with carbon
number seems likely according to several evidences reported
in literature. The preexponential factors and the activation
energies for the isomerization and cracking reactions are
power functions of i (Eqs. 22–25). The isomerization equi-
librium constant was defined as a continuous, quadratic func-
tion (y ¼ ax2 þ bx þ c), forced through the point (x ¼ 3; y
¼ 0), for obvious reasons (Eq. 26). This correlation was cho-
sen because the optimization with Athena failed when a
power or an exponential function was introduced.

The following set of equations was obtained:

KL;nðiÞ ¼ 0:1� Par1� ðthnðiÞ þ 1Þ (18)

with

thnðiÞ ¼ exp i� Par2� 2ð Þ � exp � i� Par2� 2ð Þð Þ
exp i� Par2� 2ð Þ þ exp � i� Par2� 2ð Þð Þ (19)

KL;isoðiÞ ¼ 0:1� Par3� ðthisoðiÞ þ 1Þ (20)

with

thisoðiÞ ¼ exp i� Par4� 2ð Þ � exp � i� Par4� 2ð Þð Þ
exp i� Par4� 2ð Þ þ exp � i� Par4� 2ð Þð Þ (21)
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EisomðiÞ ¼ Par5� iPar6 (22)

EckðiÞ ¼ Par7� iPar8 (23)

k
�
isomðiÞ ¼ Par9� iPar10 (24)

k
�
ckðiÞ ¼ Par11� iPar12 (25)

KeqðiÞ ¼ Par13� i2 � 9
� �þ Par14� i� 3ð Þ (26)

The model has 15 parameters that were estimated by
regression of the experimental data collected, as explained in
the ‘‘Experimental’’ section.

Model 2

The second model was developed from the first one, but
the isomerization and cracking rates as defined in Eqs. 4 and
5 were substituted by the complete form of the reaction rate
according to the Langmuir-Hinshelwood approach11:

risom ið Þ ¼
kisom ið Þ � fn ið Þ � fiso ið Þ

Keq ið Þ
� �

fH2
� 1þPnC

i¼1 fn ið Þ � KL;n ið Þ þPnC
i¼4 fiso ið Þ � KL;iso ið Þ

h i
þ KPD ið Þ � KL;n ið Þ � fn ið Þ þ KL;iso ið Þ � fiso ið Þ� � ð27Þ

rck ið Þ ¼ kck ið Þ � fiso ið Þ
fH2

� 1þPnC
i¼1 fn ið Þ � KL;n ið Þ þPnC

i¼4 fiso ið Þ � KL;iso ið Þ
h i

þ KPD ið Þ � KL;n ið Þ � fn ið Þ þ KL;iso ið Þ � fiso ið Þ� � : (28)

For light paraffins, it was demonstrated before that sim-
plified forms (see Eqs. 4 and 5) are as good as the com-
plete equation.5,6,11 This was explained by considering that
for light paraffins, the concentration of carbenium ions is
negligible with respect to the overall number of active
sites.11 However, recent results suggest that with relatively
long-chain paraffins (n-C16H34 and n-C28H58,

29), the term
KPD(i) � (KL,n(i) � fn(i) þ KL,iso(i) � fiso(i)) is no longer
negligible and the complete form of the equation should
be used. Similar results have been obtained by Ribeiro
et al.30 observing fractional reaction orders for both H2

and n-hexane during hydroisomerization of the paraffin on
Pt/zeolites. Thus, the contribution of the paraffin concen-
tration is not negligible with respect to the H2 concentra-
tion. This surprising result, in contrast to what is generally
reported in literature for Pt/silica–alumina catalysts, was

accounted for by using the complete form of the Langmuir
rate expression.5,31,32

The new constant, KPD, represents the product of the equi-
librium constants for dehydrogenation and protonation ele-
mentary steps. Hence, the distinction between protonation
and chemisorption as RDS is not critical in the present
model. KPD is defined as a power function of the number of
carbon atoms of the molecule:

KPDðiÞ ¼ Par16� iPar17: (29)

Results and Discussion

The estimated model parameters for Models 1 and 2 are
reported, along with some statistics, in Tables 1 and 2,
respectively. In both cases, the fitting is quite good, because

Table 1. Results of the Optimization of Model 1: Estimated Parameters and Statistical Analysis

Asymptotic Statistical Analysis
R-square 0.958
Adjusted R-square 0.957
Residual sum of squares 1.59 � 103

Average absolute residual 1.44
Akaike information criterion 1.38

Parameter User Estimates Optimal Estimates t-Value Standard Deviation Asymptotic 95% Confidence Intervals

PAR(1) ¼ P(KL,n) 8.46 � 101 8.43 � 101 6.41 � 101 1.32 � 100 8.43 � 101 � 2.60 � 100

PAR(2) ¼ P(KL,n) 2.71 � 10�1 2.51 � 10�1 1.48 � 102 1.70 � 10�3 2.51 � 10�1 � 3.36 � 10�3

PAR(3) ¼ P(KL,iso) 3.98 � 101 4.61 � 101 1.25 � 103 3.68 � 10�2 4.61 � 101 � 7.26 � 10�2

PAR(4) ¼ P(KL,iso) 1.10 � 10�1 1.10 � 10�1

PAR(5) ¼ P(Eisom) 2.92 � 104 3.40 � 104 1.98 � 101 1.72 � 103 3.40 � 104 � 3.38 � 103

PAR(6) ¼ P(Eisom) 4.63 � 10�1 3.89 � 10�1

PAR(7) ¼ P(Eck) 4.02 � 104 4.11 � 104 5.60 � 100 7.33 � 103 4.11 � 104 � 1.45 � 104

PAR(8) ¼ P(Eck) 5.10 � 10�1 5.09 � 10�1 1.09 � 101 4.68 � 10�2 5.09 � 10�1 � 9.23 � 10�2

PAR(9) ¼ P(k�isom) 3.19 � 10�4 2.98 � 10�4

PAR(10) ¼ P(k�isom) 5.00 � 100 5.01 � 100 1.86 � 104 2.69 � 10�4 5.01 � 100 � 5.31 � 10�4

PAR(11) ¼ P(k�ck) 2.50 � 10�4 2.53 � 10�4 1.41 � 102 1.80 � 10�6 2.53 � 10�4 � 3.55 � 10�6

PAR(12) ¼ P(k�ck) 4.68 � 100 4.68 � 100 3.17 � 103 1.48 � 10�3 4.68 � 100 � 2.91 � 10�3

PAR(13) ¼ P(Keq) 2.00 � 102 1.04 � 102

PAR(14) ¼ P(Keq) 1.00 � 103 1.53 � 103

PAR(15) ¼iso/n þ iso 8.58 � 10�1 8.78 � 10�1 9.16 � 103 9.58 � 10�5 8.78 � 10�1 � 1.89 � 10�4
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high values were obtained for R2 ([0.95); all parameters
were optimized and many of them are statistically significant
(10 over 15 in Model 1 and 15 over 17 in Model 2). Nota-
bly, the differences between the values of R2 and adjusted
R2 are very small in both regressions: this suggests that there
are no redundant parameters in the models. As a conse-
quence, the improvements achieved with Model 2 (e.g., R2

increased from 0.958 to 0.965) are not a consequence of the
higher number of parameters.

Model discrimination is also possible comparing the ‘‘av-
erage absolute residuals’’ (AAR): among rival models, the
one with the lowest AAR is the best. This criterion indicates
Model 2 as the best.

In the case of nested models, discrimination could be also
done by means of the F-test33:

F-value ¼
residSS1�residSS2

p�
2
�p�

1

residSS2
n�v�p�

2

; (30)

where residSS indicates the residuals sum of squares for Models
1 and 2, respectively, p* is the number of estimated parameters
(10 for Model 1 and 15 for Model 2), n is the number of
experiments (47), and v is the number of responses (9). The null
hypothesis, that Model 2 does not fit the data better than Model
1, is rejected if F-value is greater than F-table (here, 3.84). In
this case, F-value ¼ 15.95, thus Model 2 is better.

A more accurate parameter to discriminate between the
models is the Akaike information criterion (AIC):

AIC ¼ p� � 2

n�
þ ln

RSS

n�

� �
þ p� � 2

n�
� p� þ 1

n� � p� � 1
; (31)

where n* is the number of experimental points (product of
number of observation times the number of responses, 423), wi

are the weights applied to each point (here, wi ¼ 1 for both
models), RSS is the residual sum of squares, and p* is the
number of estimated parameters.

When comparing two models with different numbers of
parameters, the index takes into account both the statistical
goodness of fit and the number of parameters that have to be
estimated to achieve this particular degree of fit, by impos-
ing a penalty for increasing the number of parameters to
determine how much better the fitting should be to consider
the model with more parameters more appropriate. The most
appropriate model is the one with the smallest value.34 The
AIC for Models 1 and 2 are 1.38 (Table 1) and 1.23 (Table 2).
All the criteria reported confirm that the higher R2 in the
second model does not merely originate from the use of a
higher number of parameters, but rather from a higher sta-
tistical significance. Moreover, the result implicitly sug-
gests that the use of the complete form of the rate expres-
sion is important when modeling the HDK of long-chain
paraffins.

To better appreciate the improvements introduced by the
two versions of the model presented here, the calculated
product distributions (expressed as mass fraction) are com-
pared to the experimental ones. Data relative to tests at dif-
ferent conditions are presented in Figures 2–6.

Generally speaking, both models describe quite well the
experimental data, in particular in the middle distillates
region (C10–C22). Notably, Model 2 provides a better pre-
diction of the results and in many cases the observed and
predicted distributions overlap. The improvement is particu-
larly evident for the isomers distributions at the lower con-
versions (8.6 and 24.2%, Figures 2 and 3, respectively). As
for the goodness of fitting of different distillation cuts, the
best agreement between experimental and esteemed results is
observed for kerosene (C10–14), gas oil (C15–22), and
atmospheric residue (C22þ): the parity plots relative to these
cuts obtained with Model 2 are shown in Figures 7 and 8.

For the lighter fractions, C1–4 and C5–9, the goodness of
fitting is less satisfactory. Besides the simplifying assump-
tion concerning the products distribution and the route for
the formation of methane and ethane, a possible cause for

Table 2. Results of the Optimization of Model 2: Estimated Parameters and Statistical Analysis

Asymptotic Statistical Analysis
R-square 0.965
Adjusted R-square 0.964
Residual sum of squares 1.33 � 103

Average absolute residual 1.34
Akaike information criterion 1.23

Parameter User Estimates Optimal Estimates t-Value Standard Deviation Asymptotic 95% Confidence Intervals

PAR(1) ¼ P(KL,n) 7.91 � 101 8.02 � 101 5.93 � 101 1.35 � 100 8.02 � 101 � 2.67 � 100

PAR(2) ¼ P(KL,n) 2.20 � 10�1 2.08 � 10�1 1.53 � 102 1.36 � 10�3 2.08 � 10�1 � 2.68 � 10�3

PAR(3) ¼ P(KL,iso) 3.59 � 101 3.48 � 101 3.99 � 101 8.73 � 10�1 3.48 � 101 � 1.72 �100

PAR(4) ¼ P(KL,iso) 1.07 � 10�1 1.00 � 10�1 5.54 � 101 1.81 � 10�3 1.00 � 10�1 � 3.57 � 10�3

PAR(5) ¼ P(Eisom) 3.12 � 104 4.53 � 104 1.75 � 101 2.58 � 103 4.53 � 104 � 5.10 � 103

PAR(6) ¼ P(Eisom) 5.06 � 10�1 3.22 � 10�1 1.29 � 102 2.49 � 10�3 3.22 � 10�1 � 4.91 � 10�3

PAR(7) ¼ P(Eck) 4.00 � 104 4.31 � 104 8.10 � 102 5.32 � 101 4.31 � 104 � 1.05 � 102

PAR(8) ¼ P(Eck) 5.34 � 10�1 5.14 � 10�1 2.39 � 102 2.15 � 10�3 5.14 � 10�1 � 4.24 � 10�3

PAR(9) ¼ P(k�isom) 2.78 � 10�4 2.86 � 10�4 4.31 � 102 6.65 � 10�7 2.86 � 10�4 � 1.31 � 10�6

PAR(10) ¼ P(k�isom) 5.03 � 100 5.02 � 100 6.90 � 102 7.28 � 10�3 5.02 � 100 � 1.44 � 10�2

PAR(11) ¼ P(k�ck) 2.52 � 10�4 2.45 � 10�4

PAR(12) ¼ P(k�ck) 4.66 � 100 4.66 � 100 9.60 � 103 4.85 � 10�4 4.66 � 100 � 9.57 � 10�4

PAR(13) ¼ P(Keq) 4.02 � 101 6.62 � 101

PAR(14) ¼ P(Keq) 2.36 � 103 5.55 � 102 8.58 � 10�2 6.47 � 103 5.55 � 102 � 1.28 � 104

PAR(15)¼iso/n þ iso 8.97 � 10�1 9.03 � 10�1 1.24 � 103 7.29 � 10�4 9.03 � 10�1 � 1.44 � 10�3

PAR(16) ¼ P(KPD) 1.49 � 101 1.82 � 101 8.98 � 101 2.03 � 10�1 1.82 � 101 � 4.00 � 10�1

PAR(17) ¼ P(KPD) 9.40 � 10�1 9.59 � 10�1 6.47 � 101 1.48 � 10�2 9.59 � 10�1 � 2.93 � 10�2
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Figure 2. Product distribution, as n-paraffins (left) and iso-paraffins (right) weight percent, in a test at C221 conver-
sion 5 8.6% (experimental).

Experimental data and results obtained with Models 1 and 2. Operating conditions: T ¼ 343�C, P ¼ 4.75 MPa, H2/wax ¼ 0.105 g/g, and
WHSV ¼ 2.0 h�1.

Figure 3. Product distribution, as n-paraffins (left) and iso-paraffins (right) weight percent, in a test at C221 conver-
sion 5 24.2% (experimental).

Experimental data and results obtained with Models 1 and 2. Operating conditions: T ¼ 351�C, P ¼ 4.75 MPa, H2/wax ¼ 0.105 g/g, and
WHSV ¼ 2.0 h�1.

Figure 4. Product distribution, as n-paraffins (left) and iso-paraffins (right) weight percent, in a test at C221 conver-
sion 5 47.1% (experimental).

Experimental data and results obtained with Models 1 and 2. Operating conditions: T ¼ 359�C, P ¼ 4.75 MPa, H2/wax ¼ 0.105 g/g, and
WHSV ¼ 2.0 h�1 (reference run).
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the lower goodness of fit for the lighter fractions could lie in
the much lower variance of data in comparison with the
heavier fractions. In these circumstances, the system tends to
minimize preferentially the square difference between the
observed and calculated values of those data presenting a
higher variance. A possible improvement in this sense could
be achieved using coded data to give the same weight to
each fraction.

Another important facet is the physical meaning of the ki-
netic and thermodynamic constants of the models calculated
with the parameters estimated. As an example, the activation
energies, the kinetic constants, and the Langmuir constants
calculated for Model 2 are reported in Figures 9–11. Values
reported in literature indicate that the energy of activation of
isomerization and cracking are similar, do not show signifi-
cant variation with chain length, and range between 85 and
125 kJ/mol.11,34,35 The very similar values determined for
isomerization and cracking are considered a proof that they
share a common intermediate. In our case, the data plotted
in Figure 9 show that the activation energy for isomerization
slightly depends on chain length, and the range of values is
close to the data published. Differently, the activation energy

for cracking is clearly overestimated, particularly for the lon-
gest paraffinic chains. Notably, both are apparent activation
energies, defined as the sum of the activation energy for the
reaction and the adsorption enthalpy: this fact could explain
the dependence to chain length and the differences with liter-
ature data.

The kinetic constants (Figure 10) increase exponentially
with chain length, in line with literature results36,37: this is a
consequence of both the function chosen for k� (a power
function of Nc) and the exponential dependence of the ki-
netic constant on the apparent activation energy, due to the
Arrhenius equation. Analysis of the correlation matrix shows
that the kinetic constants are not correlated.

With respect to the physisorption of hydrocarbons, most
experimental studies focus on light paraffins (Nc \ 14).36,37

In these works, adsorption is described in terms of Henry
constants,38 which fit the adsorption isotherm in the low
pressure region.39 In our previous model,20 the Langmuir
constant was expressed as an exponential function of chain
length: this choice was based on literature work concerning
adsorption in gas–solid systems. In this work, a more flexible
correlation between KL and Nc is introduced: in fact, the

Figure 5. Product distribution, as n-paraffins (left) and iso-paraffins (right) weight percent, in a test at C221 conver-
sion 5 60.9% (experimental).

Experimental data and results obtained with Models 1 and 2. Operating conditions: T ¼ 359�C, P ¼ 4.125 MPa, H2/wax ¼ 0.105 g/g, and
WHSV ¼ 2.0 h�1.

Figure 6. Product distribution, as n-paraffins (left) and iso-paraffins (right) weight percent, in a test at C221 conver-
sion 5 91.3% (experimental).

Experimental data and results obtained with Models 1 and 2. Operating conditions: T ¼ 359�C, P ¼ 4.75 MPa, H2/wax ¼ 0.105 g/g, and
WHSV ¼ 1.0 h�1.
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hyperbolic tangent can change its shape according to the val-
ues of its argument (in this case, the values of Par2 and
Par4). The optimization of model parameters is such that the
Langmuir constants for linear and branched paraffins display
a sigmoidal trend (Figure 11). This behavior can also be
qualitatively explained in terms of adsorption mechanism. In
an ideal trickle-bed reactor, the catalyst is perfectly wetted
by the liquid phase. In contrast to what is typically observed
in diluted gas-phase conditions, where adsorption constants
increase exponentially with carbon number, adsorption of
paraffins from a liquid phase into the pores of a mesoporous
catalyst occurs in a nonselective way, as the interaction
between the adsorbing paraffins and the surface of the cata-
lyst is comparable to the intermolecular interactions between
the paraffins in the liquid phase.40 Thus, the driving force
for adsorption is independent of chain length, explaining the
constant value for KL from a certain carbon number on (see
Figure 11). The amount adsorbed of a given paraffin is pro-
portional to its concentration in the liquid film surrounding
the catalyst pellet. However, the lightest paraffins with low
boiling points are mainly present in the gas phase, thus their

concentration in liquid phase is low. With increasing carbon
number, the tendency to remain in the liquid phase rather
than in the gas phase increases strongly. As a result, for light
paraffins, the concentration in the liquid film surrounding the
catalyst also increases steeply with Nc, until a certain chain
length corresponding to a boiling point from where the par-
affins are fully present in the liquid phase. Thus, the amount
of the lightest paraffins in the pores will be low, leading to a
low reaction rate. Heavier paraffins are present in higher
concentrations in liquid film and catalyst pores, leading to a
higher reaction rate. As the model does not explicitly take
the two gas and liquid phases into account, the relative dis-
tribution of light and heavy paraffins over both phases is
captured in the Langmuir adsorption constants. To describe
the lower conversion rate of the lightest paraffins, lower
adsorption constants are resulting from the model fitting. For
heavy paraffins, which show full liquid behavior, the adsorp-
tion constants are not affected by carbon number. As iso-par-
affins have lower boiling points than the linear paraffins, the
plateau in KL is shifted toward higher carbon numbers.

An esteem of the isomerization equilibrium constant (Keq)
is given by Pellegrini et al.41 The equilibrium constant is
defined as a function of temperature, by means of the Gibbs
free energy of reaction. The values reported in this article
for isomerization of n-paraffins to multibranched isomers, at
T ¼ 359�C, are compared to model results in Table 3. Liter-
ature data are well fitted by an exponential function of car-
bon number (Keq ¼ 0.0124e0.68Nc), but this kind of expres-
sion generated several problems during parameter estimation,
maybe because the increase of Keq with Nc was too fast. A
slower function, like a parabola, suited better to our system.

The high value for parameter 15 (0.858 for Model 1 and
0.897 for Model 2), which represents the fraction of iso-par-
affins formed by cracking, can be explained in the light of
the b-scission mechanism.4 It is generally accepted that type
A b-scission is by far the fastest reaction for paraffins
�C8,

4,24,28 therefore the high value for Par15 would indicate
that most of the cracking occurs via type A b-scission. How-
ever, if cracking occurred only according to this mechanism,
reaction would give only iso-paraffins and Par15 (i.e., the
fraction of isomers to overall products) would equal 1. Nota-
bly, this is not the case, because linear hydrocarbons are

Figure 7. Parity plot for C221 conversion in the com-
plete dataset (Model 2 results vs. experimen-
tal data).

The range of the operating conditions was as follows: tem-
perature ¼ 343–375�C; pressure ¼ 3.5–6 MPa; H2/wax ¼
0.06–0.15 g/g; and WHSV ¼ 1–3 h�1.

Figure 8. Parity plot for kerosene (left) and gas oil (right) fractions in the complete dataset (Model 2 results vs. ex-
perimental data).

The range of the operating conditions was as follows: temperature ¼ 343–375�C; pressure ¼ 3.5–6 MPa; H2/wax ¼ 0.06–0.15 g/g; and
WHSV ¼ 1–3 h�1.
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detected among the cracking products.2,42,43 This is
explained by Martins and coworkers: at increasing the chain
length of the feed, the other types of cracking (type B1, B2,
and hydrogenolysis) become quantitatively more significant.4

In Model 2, parameters 16 and 17 are such that KPD

increases almost linearly with the carbon number of the mol-
ecule (Par17 % 1, see Table 2). This result is in line with
expectations: increasing the number of C atoms in the paraf-
fin leads to a higher number of olefins and thus carbenium
ions that can be formed. This qualitative observation can be
interpreted in terms of entropy, as proposed by de Gauw
et al.44: the equilibrium constant for dehydrogenation reac-
tion is a function of the entropy of formation of all the
olefins that can be obtained from the paraffin Pn:

KDH / exp
DSf;olefins � DSf;Pn

R

� �
: (32)

The model can also be applied to describe the effect of
operating conditions on the main indexes of catalytic

performance, namely conversion and selectivity. As an
example, in Figure 12 the evolution of C22þ conversion as a
function of T, P, H2/wax, and WHSV is reported. The best
agreement with experimental data is displayed in the effect of
temperature (Figure 12A). The effects of pressure and WHSV
(Figures 12B, D) are well fitted at high conversions ([35 wt
%), while the lower values are overestimated (the main
difference is in the case P ¼ 6 MPa). The worse fitted effect is
that of the H2/wax inlet ratio (Figure 12C): the theoretical
trace passes only through the central point (as a consequence
of the presence of several replicates), while all the other data
are overestimated.

Thybaut et al. developed a lumped kinetic model from
data on n-C8H18

7: their model provided a negative (or null)
effect of the H2/paraffin ratio even in the case of a reacting
system in nonideal HDK conditions. This result is in contrast
to what is experimentally observed during the HDK of com-
plex mixtures.45 This discrepancy could be explained consid-
ering that the physical state of the two systems is different:
under typical HDK conditions, light hydrocarbons are in gas
phase, while complex mixtures are ruled by vapor–liquid
equilibrium. In the former case, an increase in the H2/feed
ratio, at constant total pressure, leads to a decrease in the
paraffin partial pressure because of an increase of hydrogen
pressure: as a consequence, the numerator of the rate expres-
sion decreases, whereas the denominator increases, leading
to an overall decrease in the reaction rate. On the contrary,
when VLE occurs, an increase in H2/wax ratio shifts the
equilibrium toward the vapor phase, i.e., the hydrocarbons
weight fractions in the vapor phase increase, and so does the
fugacity, whereas the hydrogen fugacity decreases. Globally,
the reaction rate tends to increase, explaining the positive
effect of the H2/feed ratio on conversion.

Conclusions

A kinetic model for the HDK of the Fischer-Tropsch
waxes covering a wide range of operating conditions and

Figure 9. Evolution with carbon number of the activa-
tion energies for isomerization (Eisom) and
cracking (Eck) reactions, calculated with the
parameters estimated for Model 2.

Figure 10. Evolution with carbon number of the kinetic
constants for isomerization (kisom) and
cracking (kck) reactions, calculated with the
parameters estimated for Model 2 at a tem-
perature of 359�C (temperature of the cen-
tral point in the experimental design).

Figure 11. Evolution with carbon number of the Lang-
muir constants for n-paraffins (nP) and iso-
paraffins (isoP), calculated with the parame-
ters estimated for Model 2.

The range of the operating conditions in the dataset was
as follows: temperature ¼ 343–375�C; pressure ¼ 3.5–6
MPa; H2/wax ¼ 0.06–0.15 g/g; and WHSV ¼ 1–3 h�1.
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conversion (8–99%) has been developed. The present model
is an improvement of previous work, and the novelty is rep-
resented by the correlations between kinetic and thermody-
namic constants and the length of the hydrocarbon chain,
providing a better fitting of the experimental data (e.g.,
higher R2 than in the older versions and better description of

the product distribution). Moreover, the introduction of the
complete form of the rate expressions for isomerization and
cracking (i.e., the addition of the KPD constant) leads to a
further improvement of the model (version 2 vs. version 1,
presented here) that is not merely the consequence of the
higher number of parameters used, but derives from a higher
meaningfulness of the model. This result implies that, differ-
ently to what observed for light paraffins up to C16, for
long-chain paraffins the right-hand term in the denominator
of the rate expressions (which contains KPD) is no longer
negligible.

Particularly interesting are the results concerning the physi-
sorption of normal and iso-paraffins, showing a transition
from gas- to liquid-phase behavior which we think mirrors the
presence of vapor–liquid equilibrium in the reacting system.46

Although the present model provides a quite good agree-
ment with experimental results, especially as for the middle
distillates and conversion of C22þ fraction, the model fitting
ability could be further improved trying to better predict the
effects of operating conditions and the lightest product distri-
bution. Improvements could be obtained by considering:
• the presence of hydrogenolysis (formation of methane

and ethane)
• a more realistic products distribution
• explicit description of the gas and liquid phase, as al-

ready proposed in some works,47 and introduction of the
wetting factor, which is a critical parameter in trickle-bed
reactors, in particular at the highest conversion levels.48–50

Table 3. Estimated (Model) and Published (Literature)
Values of the Equilibrium Constant for Isomerization of

n-Paraffins to Multibranched Isomers

Nc Keq (Literature) Keq (Model)

6 7.28 � 10�1 6.48 � 103

7 1.44 � 100 9.16 � 103

8 3.16 � 100 1.21 � 104

9 5.93 � 100 1.53 � 104

10 1.15 � 101 1.87 � 104

11 2.16 � 101 2.25 � 104

12 4.19 � 101 2.64 � 104

13 8.11 � 101 3.07 � 104

14 1.57 � 102 3.52 � 104

15 3.11 � 102 3.99 � 104

16 6.37 � 102 4.49 � 104

17 1.27 � 103 5.02 � 104

18 2.58 � 103 5.57 � 104

19 5.36 � 103 6.15 � 104

20 1.11 � 104 6.76 � 104

Literature values36 correspond to Keq at T ¼ 359�C.

Figure 12. Effect of operating conditions (A: temperature, B: pressure, C: H2/wax ratio, and D: WHSV) on C221

conversion.

Experimental data are compared with predicted values, calculated with Models 1 and 2.
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Moreover, like all the lumping models, the rate parame-
ters are dependent on the feedstock composition.13 An
attempt to overcome this limitation would be extending in
the dataset with data collected during HDK of different FT
waxes.

Notation

cP ¼ paraffin concentration in the liquid phase (kmol/kgcat)
c*P ¼ adsorbed paraffin concentration (kmol/kgcat)
csat ¼ saturation concentration (kmol/kgcat)
Dp ¼ catalyst particle diameter (mm)
E ¼ activation energy (J/mol)
f ¼ fugacity (Pa)

Hb ¼ catalyst bed height (mm)
i ¼ index for paraffin chain length

ID ¼ reactor internal diameter (mm)
DH� ¼ adsorption enthalpy (J/mol)

k ¼ kinetic constant (kmol/h/kgcat)
k� ¼ frequency factor (kmol/h/kgcat)

KDH ¼ equilibrium constant for dehydrogenation reaction
Keq ¼ equilibrium constant for isomerization reaction
KL ¼ Langmuir adsorption constant (MPa�1)
KPD ¼ product of the protonation and dehydrogenation constants
Nc ¼ number of carbon atoms
p ¼ cracking probability
r ¼ reaction rate (kmol/kg/h)
R ¼ universal gas constant (kJ/kmol/K)

Sf,i ¼ entropy of formation of the species i (J/K)
Y ¼ paraffin to inlet wax ratio (kmoli/kgwax IN)

Greek letters

s ¼ residence time (kgcat h/kgwax, IN)

Subscripts

ck ¼ cracking reaction
iso ¼ iso-paraffin

isom ¼ isomerization (reaction)
n ¼ n-paraffin

prod ¼ formation (reaction)
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